
The technical notions of Eu

John Mumma

November 5, 2016

The purpose of this document is to refine, elaborate the technical notions of the formal
system Eu developed in my doctoral thesis Intuition Formalized.

Contents

1 Basic syntax of Eu diagrams 1

2 Syntactic types and labels 3
2.1 Having the same syntactic type . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Labeled Eu diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Semantic equivalence 6

4 Eu claims and their semantics 7
4.1 Metric assertions and Eu claims . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
4.2 The semantics of Eu claims . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
4.3 Consistency of Eu diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

5 Derivability in Eu 10
5.1 Construction rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5.2 Positional rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5.2.1 Modifications with respect to Intuition Formalized . . . . . . . . . . . . . 15
5.2.2 The rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5.3 Quantitative rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

6 Eu derivations 27

1 Basic syntax of Eu diagrams

Common to all Eu diagrams is a discrete two-dimensional array structure which serves to model
the spatial background within which diagrammatic points, lines and circles are constructed. The
arrays are square and of arbitrary finite dimension. An example is the 7× 7 array
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The array elements are identified by their coordinates, where (0, 0) designates the lowest, left-
most element and (n− 1, n− 1) the highest, right-most element in an n× n array.

A point of an Eu diagram is a distinguished array element. An example of an Eu diagram
with two points is

A linear element of an Eu diagram is a subset of array elements whose coordinates satisfy a
linear equation ax+ by = c and inequalities d ≤ x ≤ e. The linear element below, for example,
is defined by −x+ y = 1 and 1 ≤ x ≤ 4.

If 1 ≤ e, d ≤ n− 2, the linear element is a segment, if the one of d or e is 0 or n− 1, the linear
element is a ray, and if both are 0 or n− 1 then the linear element is a line.

Finally, a circle of an Eu diagram is a sub-set of array elements that form the perimeter of
a convex polygon.

These ideas are encapsulated in the following definition.

Definition 1.1. An Eu diagram δ is a tuple 〈n, p, l, c〉 where:

1. n is a natural number specifying the dimension of the diagram’s underlying square array;

2. p is a set of array entries of the diagram, understood as the diagram’s points;

3. l is a set of linear subsets of array entries of the diagram, understood as the diagram’s
linear elements;

4. c is a set of subsets of array entries forming the perimeter of a convex polygon, understood
as the diagram’s circles;

5. if a segment S in l has endpoints P1 and P2, then P1 and P2 are in p;

6. if a ray R in l has endpoint P , P is in p;

7. if points P1 and P2 in p are collinear with an element L of l, the segment S with endpoints
P1 and P2 is in l;
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8. if point P is collinear with ray R in l, then the ray formed by extending R to P is in l.
Similarly, if p is on line L in l, the rays from P to the two directions of L are in l;

9. no point or element of a circle lies on the outer edge of the array—i.e. no point or element
of a circle has 0 or n− 1 as a coordinate; and

10. no linear element lies along the outer edge of the array—i.e. no linear element is defined
by the equations x=0, x=n-1, y=0 or y=n-1.

Conditions 5-8 are closure conditions. Conditions 9 and 10 serve to rule out certain degen-
erate cases. Condition 9, for instance, prevents an Eu diagram from modeling the possibility of
a concrete diagram with a segment that cannot be extended. The explanation of how condition
9 accomplishes this involves the notion of a diagram’s syntactic type, defined in section 2.

Definition 1.2. A region of a diagram ∆ is defined recursively as follows:

• set of all array entries of ∆ is a region.

• the set of array entries on a linear element or a circle of ∆ is a region of ∆

• the set of array entries on the a side of a linear element of ∆ is a region of ∆

• the set of array entries inside a circle of ∆ is a region of ∆

• the intersection of two regions of ∆ is a region of ∆.

An explicit region is a region whose boundary does not contain array entries extending a segment
or a ray. A component region does not have any regions as proper subsets.

2 Syntactic types and labels

2.1 Having the same syntactic type

The correspondence between the abstract, formal diagrams of Eu and the concrete diagrams
they model is not one-to-one, but many-many. Those Eu diagrams that model the same concrete
diagrams are said to have the same syntactic type. What is and is not possible with the concrete
diagram modeled is determined by all Eu diagrams with the concrete diagram’s syntactic type.

Roughly, having the same syntactic type means differing only with respect to the number of
array entries. Suppose that to a diagram δ with dimension n we add array entries so that every
2×2 square of array entries in δ becomes a (k+1)× (k+1) square. If we take the original array
entries as fixed in position, then the relative position of the objects of δ do not change, and we
can understand the new Eu diagram to model the same concrete diagram δ does.

Call this procedure of moving from a given diagram δ to a new diagram δ′ refinement. Re-
fining a diagram is naturally thought of as increasing the resolution of the diagram’s underlying
array entries by a factor k. Since the upper right coordinate of a diagram δ of dimension n
is (n − 1, n − 1), increasing the resolution of δ by a factor k means passing to a diagram δ′ of
dimension k(n−1)+1. Say that array entry (i′, j′) in δ′ has the same position as an array entry
(i, j) in δ if i = i′/k and j = j′/k.

Definition 2.1. Suppose δ is a diagram of dimension n. δ′ is a refinement of diagram δ if and
only if there exists a natural number k such that

1. the dimension of δ′ is k(n− 1) + 1;
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Figure 1: A 4 × 4 diagram and its refinement by a factor of 2

2. a point with coordinates (i, j) is in δ′ if and only if a point with coordinates (i/k, j/k) is
in δ;

3. a linear element of δ′ is defined by ax+by = c and e ≤ x ≤ f if and only if a linear element
of δ is defined by ax+ by = c/k and e/k ≤ x ≤ f/k; and

4. a circle of δ′ has vertices with coordinates (i1, j1), ..., (im, jm) if and only if a circle of δ
has vertices with coordinates (i1/k, j1/k), ..., (im/k, jm/k).

For an example of diagram refinement, see figure 1. Conditions 2-4 specify the sense in which
the positions of diagrammatic objects remain fixed under refinement. A refinement δ′ of δ,
accordingly, is taken to be syntactically equivalent to δ. More generally,

Definition 2.2. Diagrams δ and δ′ are syntactically equivalent iff δ is a refinement of δ′, δ′ is a
refinement of δ or there is a diagram δ′′ that is a refinement of both δ and δ′.

The relation is easily confirmed to be symmetric and transitive, and hence an equivalence
relation. The syntactic types of Eu, then, are simply the equivalence classes induced by the
relation.

Returning to condition 9 of definition 2.1.1, consider a 4 × 4 diagram δ with a segment l
defined by x = 2, y ≥ 1, y ≤ 2. (See the first diagram in figure 4.) By condition 9, the segment
l cannot be extended to (2, 3) or (2, 0). But we can refine δ to a 7× 7 diagram δ′ such that the
corresponding l′ of δ′ is defined by equations x = 4, y ≥ 2, y ≤ 4. This segment can be extended
in δ′ to (4, 1) or (4, 5). (See the second diagram of figure 1). Note that the procedure cannot
be carried out if l had endpoints (4, 4) or (0, 0) in the original diagram. Hence the need for
condition 9.

It is via diagram refinement that the addition of intersection points is modeled. In general,
the underlying array of a diagram will not have elements for all the intersection points that
ought to exist given the relative positions of its linear elements and circles. It always possible
however to refine the diagram to one of the same syntactic type so that the intersection point
can be picked out in the refined diagram’s underlying array.

It will be necessary in definition 2.9 below to distinguish intersection points in this sense from
array entries that lie within an interval marked out by two overlapping diagrammatic elements.
Hence the following two definitions.

Definition 2.3. Two distinct diagrammatic elements x and y of δ overlap if and only a refine-
ment δ′ of δ exists where the set theoretic intersection of the diagrammatic elements of δ′ with
the same positions of x and y has three or more elements.

Definition 2.4. An array entry (i, j) is an intersection in δ if and only (i, j) is an element of
two distinct diagrammatic elements x and y of δ that do not overlap.
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2.2 Labeled Eu diagrams

Eu is a heterogeneous system. Formal Eu diagrams model the diagrams of Euclid’s proofs and
formal Eu sentences—termed metric assertions—model the text of the proofs. And just as
it is done in informal presentations of the proofs, diagram and sentence in Eu derivations are
coordinated by labels indexed to objects in diagrams.

The slots that variables fill in a labeled Eu diagram are of three kinds: point slots, circle
slots, and end-arrow slots. For every point of δ there is a unique point slot of δ, and for every
circle of δ a unique circle slot. Labels for the extremities of lines and rays are placed in end-arrow
slots. where an end-arrow is understood as the intersection a line or ray with the outer-edge of
the diagram:

Definition 2.5. An end-arrow of a diagram δ with dimension n is a triple 〈m, q1, q2〉 where for
some line or ray l of δ

1. m is the slope of the linear equation for l (a rational number or ∞);

2. the ordered pair of rationals (q1, q2) satisfy the conditions defining l;

3. at least one of the ordered pair (q1, q2) is 0 or n− 1.

〈m, q1, q2〉 is said to be the end-arrow of linear element l′ if and only if the slope of the linear
equation for l′ is m and (q1, q2) satisfies the conditions defining l′.

The slope m of l is taken into account to distinguish end-arrows of linear elements that
converge on the same rational coordinates from different directions. As a diagram δ has a finite
number of lines and rays, it also has a finite number of end-arrows.

For every point, circle and end-arrow of a diagram, there is a unique slot. The set of a
diagram’s label slots is the union of its point, circle and end-arrow slots.

Definition 2.6. A labeled diagram ∆ is a diagram 〈n, p, l, c〉 along with a pair 〈A, L〉 where
A is a set of variables, and L a surjective function mapping A to the label slots of 〈n, p, l, c〉.
Variable a is said to label label slot x if L(a) = x. The string of variables a1a2 is said to label
linear element l if L(a1) is endpoint or end-arrow of l and L(a2) is an endpoint or end-arrow of
l.

Definition 2.7. Labeled diagram ∆ is the combination of labeled diagrams ∆1, ...,∆k iff each
∆i (1 ≤ i ≤ k) is a sub-diagram of ∆ and every label of ∆ is a label of at least one diagram of
the collection ∆1, ...,∆k.

Definition 2.8. Denote the syntactic type of labeled diagram ∆ as ∆T . Syntactic type ΓT0
is a syntactic sub-type of syntactic type ΓT iff there are diagrams ∆0 and ∆ such that ∆T0 =
ΓT0 ,∆

T = ΓT and ∆0 is a sub-diagram of ∆.

Definition 2.9. Diagram Γ is a completion of diagram ∆ if and only if

1. ∆T is a syntactic sub-type of ΓT ;

2. for any intersection in a diagram ∆′ syntactically equivalent to ∆, there is an intersection
point in Γ with the same position; and

3. if a is a label of Γ but not a label of ∆, then a labels an intersection point of Γ.
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3 Semantic equivalence

Definition 3.1. Suppose ∆1 and ∆2 are two diagrams with the same set of labels A where:

1. every a in A labels the same type of label slot (point, end-arrow, circle) in ∆1 and ∆2;

2. a1a2 labels a linear element in ∆1 if and only if a1a2 labels a linear element in ∆2;

3. a1 and a2 label the same label slot of ∆1 if and only if a1 and a2 label the same label slot
of ∆2.

Then the label map φA between ∆1 and ∆2 is the bijection from the objects of ∆1 to the objects
of ∆2, such that for every object x of ∆1, φA(x) is the object of ∆2 with the same label or labels
as x.

A co-exact map is label map that preserves certain qualitative relations between pairs of
objects.

Definition 3.2. φA is a co-exact map between ∆1 and ∆2 if and only if it is a label map between
∆1 and ∆2 and:

1. Point P lies on linear element M in ∆1 iff φA(P ) lies on φA(M) in ∆2;

2. point P lies on a given side of linear element M in ∆1 iff φA(P ) lies on the same side of
φA(M) in ∆2

1;

3. end-arrow e lies on a given side of linear element M in ∆1 iff φA(e) lies on the same side
of φA(M) in ∆2.

4. point P lies inside/on/outside circle C1 in ∆1 iff φA(P ) lies inside/on/ outside φA(C1) in
∆2;

5. linear elementM cuts in one point/cuts in two points/is tangent at one point to/is tangent
along a segment to circle C1 in ∆1 iff φA(M) cuts in one point/cuts in two points/is tangent
at one point to/is tangent along a segment to φA(C1) in ∆2;

6. circle C1 lies within a given side of linear element M in ∆1 iff φA(C1) lies within the same
side of φA(M) in ∆2;

7. circle C1 has the same intersection signature with respect to circle C2 in ∆1 as φA(C1) has
with respect to φA(C2) in ∆2. (For the definition of intersection signature, see appendix
A in [?].); and

8. circle C1 lies outside/ is contained by circle C2 in ∆1 iff φA(C1) lies outside/is contained
by circle φA(C2) in ∆2.

Determining whether the conditions of the definition hold comes down, ultimately, to de-
termining whether certain equations and/or inequalities with integer coefficients are satisfied
by certain rational numbers. (How an end-arrow 〈m, q1, q2, 〉 relates to other elements of the
diagram is determined by its rational coordinates (q1, q2).)

Definition 3.3. Diagrams ∆1 and ∆2 are semantically equivalent iff there are diagrams ∆′1 and
∆′2 such that ∆′1 is a completion of ∆1, ∆′2 is a completion of ∆2 and there is a co-exact map
between ∆′1 and ∆′2.

1Sameness of side is understood via orientations induced by the end-objects determining the segments in
question. Suppose the end-objects x and y of M are labeled by a1 and a2 respectively, and a given side of M is
the side to the left of M relative to the orientation where x precedes y. Then the same side of the segment with
endpoints φA(x) and φA(y) is the side to the left of the segment relative to orientation where φA(x) precedes
φA(y).
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4 Eu claims and their semantics

4.1 Metric assertions and Eu claims

Atomic metric assertions in Eu are composed of one of seven binary relation symbols: =seg

, <seg,=angle, <angle,=area, <angle, and cent. The two places of the relation Cent are filled by
variables. CentAB is intended to express that point A is a center of circle B. The other relations
are intended to express relations between magnitudes. The subscripts refer to the type of the
strings that fill in the two slots of the relation. The next definition specifies strings of type seg.

Definition 4.1. An expression is a string of type seg if it is of the form

• AB for distinct variables A and B.

• (s+seg t) for strings s and t of type seg.

The definitions of strings of type angle and area are analogous. A base string of angle type
is a sequence of three variables, while a base string of area type is sequence of n variables, n ≥ 3.

A metric assertion is either an atomic metric assertion, or an expression of the form A1&A2,
where A1 and A2 are metric assertions and & is the single sentential connective of Eu.

Definition 4.2. An Eu claim is an expression of the form ∆1, ...,∆k, A where:

• there is a diagram ∆ that is the combination of ∆1, ...,∆k;

• every variable appearing in A is a label of a diagram ∆i (1 ≤ i ≤ k);

• every base string of type seg in A labels a segment in a diagram ∆i (1 ≤ i ≤ k);

• every base string of type angle in A labels an angle in ∆i (1 ≤ i ≤ k); and

• every base string of type area in A labels an area in a diagram ∆i (1 ≤ i ≤ k) bounded
by segments or arcs of circles.

4.2 The semantics of Eu claims

In a well-formed Eu claim ∆1, ...,∆k, A all the variables in A are labels of a diagram ∆i (1 ≤
i ≤ k). The role of the diagrams is to specify the objects of a configuration, along with the
qualitative positional relations obtaining between these objects. The role of metric assertion A
(usually a conjunction of atomic metric assertions) is to specify metric relationships between the
objects depicted by the diagrams.

Accordingly, Euclid’s propositions are represented by conditionals of the form

∆11, ...,∆1k, A1 → ∆21, ...,∆2j , A2

How such an expression is to be interpreted depends on whether the consequent ∆2i’s contain
labels not present in the antecedent ∆1i’s. If it does not, the Eu conditional represents a
geometric theorem:

any geometric configuration satisfying the conditions specified by ∆11, ...,∆1k, A1 also
satisfy the conditions specified by A2.
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The logical form of such a proposition is

∀~x(ϕ1(~x)→ ϕ2(~x)) (1)

where ~x represents the geometric objects represented by the antecedent diagrams, ϕ1(~x) ex-
presses the geometric conditions expressed by ∆11, ...,∆1k, A1 and ϕ2(~x) expresses the geomet-
ric conditions expressed by A2. In the case where the ∆2i’s contain labels not present in the
antecedent ∆1i’s, the conditional represents a geometric problem:

given a geometric configuration satisfying the conditions specified by ∆11, ...,∆1k, A1,
a configuration satisfying the conditions specified by ∆21, ...,∆2k, A2 can be con-
structed.

The logical form of such a proposition is

∀~x∃~y(ϕ1(~x)→ ϕ2(~x, ~y)) (2)

where where ~x represents the geometric objects represented by the ∆1i’s, ~y the objects repre-
sented by the ∆2i’s but not the ∆1i’s, ϕ1(~x) expresses the geometric conditions expressed by
∆11, ...,∆1k, A1, and ϕ2(~x, ~y) expresses the geometric conditions expressed by ∆21, ...,∆2k, A2.

As mentioned, two Eu diagrams are taken to carry the same information in a derivation if
and only if they are semantically equivalent. In other words, two diagrams express the same
qualitative positional conditions with respect to a fixed set of variables A if and only if they
are semantically equivalent. In accordance with the iconic character of geometric diagrams, the
geometric conditions expressed by an Eu diagram ∆ are, roughly, all the qualitative positional
relations obtaining in all diagrams semantically equivalent to ∆. In Intuition Formalized, I failed
to make this rough characterization precise. Precision is needed, specifically, to fix the way Eu
rays and lines are interpreted. The requirement that Eu diagrams be iconic does not determine
the relations they specify between two unbounded linear elements.

There is an openness regarding the interpretation of Eu lines and rays because an Eu
diagram, being a bounded object, is limited with respect to the intersection relations it can
explicitly represent between unbounded lines and rays. The unbounded character of rays and
line are represented in a bounded Eu diagram by end-arrows which lie on the outer edge of the
diagram. And so, Eu lines and rays can only embody relations between portions of lines and
rays. If two Eu lines do not intersect in a diagram, iconicity does not necessarily require that
the lines they represent do not, as the intersection point could lie outside the region exhibited
in the diagram.

In fixing a semantics for Eu diagrams, this indeterminacy can either be removed or em-
braced. On the first kind of approach the indeterminacy is removed. The non-intersection of
two diagrammatic Eu lines is stipulated to represent the relation of parallelism between two
unbounded lines in the Euclidean plane. If a model for a diagram has two intersecting lines,
the intersection must be explicitly represented by intersecting Eu lines. In contrast, the sec-
ond approach allows non-parallel segments in a model to be represented by non-intersecting Eu
lines. By it, what is significant about an Eu line (or ray) is the position of its end-arrows (or
end-arrow) to the other objects in the diagram. On the first approach, an end-arrow serves to
designate an infinitary object—i.e. the full extent of a line in one of its directions. The diagram
of figure 1 represents, for instance, the intersection relations of three lines of infinite extent.
The relations represented are not, in fact, satisfiable in the Euclidean plane since a line in the
Euclidean plane has a unique parallel. On the second approach, an end-arrow represents the
possibility of extending a given segment to a point satisfying a certain qualitative positional
property, and does not convey anything about what happens when the segment is extended into
a ray of infinite extent.
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The details of the second approach are laid out in the following definitions. The approach is
no doubt more complicated than one that simply interprets rays and lines as infinitary objects.
It however accords better with Eu as developed in Intuition Formalized (and, I believe, with
Euclid’s conception of lines). It is thus the semantics I advance for Eu.

The first step in specifying this semantics is to define the general form of an interpretation
of an Eu claim ∆, A.

Definition 4.3. Let ∆1, ...,∆k, A be an Eu claim, and A the set of variables of the the com-
bination of ∆ of ∆1, ...,∆k . An interpretation f of ∆1, ...,∆k, A is function from A such that
the image of variables for diagrammatic points and end-arrows are points in the Euclidean plane
and the image of variables for diagrammatic circles are circles in the Euclidean plane.

Definition 4.4. An interpretation f of ∆1, ...,∆k, A is an s-model of ∆1, ...,∆k, A if f can be
extended to an interpretation f ′ of ∆′1, ...,∆

′
k, A such that ∆′i is a completion of ∆i for each i,

1 ≤ i ≤ k, the metric assertion A is true when interpreted according to f ′, and for all variables
a1, a2 and a3 appearing in a diagram ∆′i then:

1. f(a1) 6= f(a2) if and only if a1 and a2 label distinct objects in ∆i;

2. if a1 labels diagrammatic point P and a2a3 labels linear element M , P lies on M in ∆′i iff
f ′(a1) lies on the segment with endpoints f ′(a2) and f ′(a3);

3. if a1 labels diagrammatic point P and a2a3 labels linear M , P lies on a given side of M
in ∆′i iff f

′(a1) lies on the same side of the segment with endpoints f ′(a2) and f ′(a3);

4. if a1 labels end-arrow e and a2a3 labels linear element M , e lies on a given side of M in
∆′i iff f

′(a1) lies on the same side of the segment with endpoints f ′(a2) and f ′(a3);

5. if a1 labels diagrammatic point P and a2 labels diagrammatic circle C, P lies inside/on/outside
C in ∆′i iff f

′(a1) lies inside/on/outside f ′(a2)

6. ifa1a2 labels linear element M and a3 labels diagrammatic circle C, M intersects C in ∆′i,
cutting it at one point/cutting it at two points/ is tangent at one point/ is tangent along
a segment iff the segment with endpoints f ′(a1) and f ′(a2) intersects f ′(a3)/cutting it at
one point/cutting it at two points/ is tangent at one point/ is tangent along a segment;

7. if a1 labels circle C1 and a2a3 labels linear element M , C1 lies within a given side of M
in ∆′i if and only if f ′(a1) lies within the same side of the segment with endpoints f ′(a2)
and f ′(a3);

8. if a1 and a2 label diagrammatic circles C1 and C2 respectively, C1 has the same intersection
signature with respect to C2 that f ′(a1) has to f ′(a2). (For the definition of intersection
signature, see appendix A in the thesis.)

9. if a1 and a2 label circles C1 and C2, C1 contains/is contained by C2 in ∆′i iff f ′(a1)
contains/is contained by f ′(a2).

If s-models are taken to give a semantics for Eu expressions, end-arrows then represent
fixed points. This however bestows on them too specific a content. They are intended to
represent the possibility of extending a segment along a direction. And so, the specific position
an interpretation assigns to an end-arrow along a direction should be abstracted out. Consider
for instance a diagram with a ray whose endpoint is labeled by a1 and whose end-arrow is
labeled by a2. Given that a2 represents possible extensions of a segment with endpoint a1, two
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interpretations f and g ought to be considered the same if f(a1) = g(a1), and g(a2) lies on the
segment f(a1)f(a2) or f(a2) lies on the segment g(a1)g(a2).

The following gives a general definition of this kind of equivalence.

Definition 4.5. Two interpretations f and g of ∆1, ...∆k, A are direction equivalent if and only
if

1. f(a) = g(a) for any variable a of ∆1, ...∆k that does not label an end-arrow; and

2. for any ray or line labeled by a1a2 in ∆1, ...∆k the Euclidean points f(a1), f(a2), g(a1)
and g(a2) are collinear, and the direction from f(a1) to f(a2) on the the resulting line is
that same as that from g(a1) to g(a2).

It is now possible to define the notion of a model which results in the desired semantics to
Eu expressions.

Definition 4.6. An interpretation f of ∆1, ...∆k, A is a model of ∆1, ...∆k, A if and only if there
is an s-model g of ∆1, ...∆k, A that is direction equivalent to f .

4.3 Consistency of Eu diagrams

Semantic equivalence implies the consistency of two Eu diagrams. The reverse implication does
not hold, however. By the semantics given above for rays and lines, an Eu diagram ∆ with two
non-intersecting lines can be consistent with a semantically inequivalent diagram in which the
lines with the same labels do intersect. This fact is what underlies the following definition.

Definition 4.7. Suppose diagram ∆ is labeled by the set of variables A, Γ is labeled by the set
of variables B, the intersection of A and B is C, and the sub-diagram of ∆ labeled by C is ∆′

and the sub-diagram of Γ labeled by C is Γ′. Then ∆ is consistent with Γ if and only if C is the
empty set, or

1. There is a label map φC between ∆′ and Γ′; and

2. If sub-diagrams of ∆′ and Γ′ labeled by D ⊆ C are not semantically equivalent, then
there are variables d1, d2, d3 and d4 such that d1d2 labels a linear element, d3d4 labels
a linear element, d4 labels an end-arrow and the sub-diagrams of ∆′ and Γ′ labeled by
{d1, d2, d3, d4} are not semantically equivalent.

5 Derivability in Eu

Expressions of two kinds are derivable in Eu: Eu claims as defined in definition 4.2, and
conditionals of the form

∆11, ...,∆1k, A1 → ∆21, ...,∆2j , A2

where what is to the left and the right of → are Eu claims, and there is a diagram ∆1 that is
the combination of the antecedent diagrams ∆11, ...,∆1k. Call expressions of the second kind
Eu conditionals.

The construction and demonstration rules of Eu serve to specify which Eu conditionals are
derivable. Given this, it is straightforward to specify the derivable Eu claims. First, all Eu
claims ∆1, ...,∆k,Θ such that:

• ∆1, ...,∆k have combination ∆

• no ∆i contains a circle
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are derivable. (Θ serves to represent the empty metric assertion.) All are other derivable claims
are obtained by applying a modus ponens rule to a derivable Eu claim and an Eu conditional.
The modus ponens rule is specified as one would expect given the semantics of the previous
section.

Eu conditionals serve to represent Euclid’s propositions in the Elements And so, the con-
struction and demonstration rules regulate a procedure for proving Euclid’s propositions dia-
grammatically. A guiding ideal behind their design is what could be called the ‘one proof-one
diagram’ conception of geometric proof. According to it, a single diagram ought to be enough
to establish a geometric proposition. Not all Eu derivations can be understood to correspond to
proofs that rely on a single diagram. The formal system provides a formal framework, however,
in which many of Euclid’s proofs can be understood as such.

General structure of Eu derivations of conditionals. Within the Eu framework, the
task of establishing a geometric proposition with a single diagram divides into two sub-tasks.
The first is the task of producing a geometric diagram as a concrete graphic object satisfying
certain formal conditions. The second is the task of reasoning with the object produced. The
construction stage in an Eu derivation is intended to correspond to the production of a geo-
metric diagram as a concrete object, while the demonstration stage is intended to correspond,
in part, to the reasoning carried out with the concrete diagram. (The demonstration stage also
serves to record reasoning carried out with sentences representing relations between geometric
magnitudes.) The reasoning consists, specifically, in verifying that certain qualitative positional
relations exhibited by the diagram–such as the position of a segment within an angle–are repre-
sentative of all the configurations within the scope of the proposition.

Both the construction and the demonstration stage in an Eu derivation can (and in most
cases of interest do) contain many distinct Eu diagrams, even in the canonical case of a deriva-
tion that is intended to model a single diagram proof. And so, how the distinct, abstract Eu
diagrams of a such a derivation are to be understood in relation to the concrete diagram of
single diagram proof requires some explanation. The general idea is as follows: the different Eu
diagrams of the construction are intended to correspond to different stages in the construction
of a single concrete diagram D; the different Eu diagrams of the demonstration correspond to
the product of an act of attention directed at D. The distinction between the syntactic and
semantic equivalence of Eu diagrams corresponds directly to these two stages. Since the con-
struction stage is intended to model the production of a concrete diagram within a proof, the
purpose of the construction stage in formal terms is to produce a syntactic type. The syntactic
types of the different diagrams in the construction are sub-types of this syntactic type. They
thus model stages in the production of a diagram. On the other hand, the demonstration stage
is intended to model the reasoning performed with a diagram. And so, the rules of the demon-
stration are sensitive only to the information bearing features of diagrams—i.e. those specified
by the relation of semantic equivalence.

The labels that appear in a derivation specify the geometric objects of the proof being
represented by the derivation. These specifically are those of the initial diagram ∆1 and any
that are introduced during the construction. No labels are introduced during the demonstration.
This is enforced by the compatibility constraint given at the beginning of section 5.2.2 below.

Soundness and the rules for derivations of conditionals. In a derivation of

∆11, ...,∆1k, A1 → ∆21, ...,∆2jA2

the input for the construction rules is the diagram ∆1 which is the combination of the antecedent
diagrams ∆11, ...,∆1k. The output is a diagram—call it Σ—which has ∆1 as a sub-diagram. As
the construction rules that that connect ∆1 to Σ regulate the production of a concrete graphic
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object rather than a reasoning process, there is no need for the rules to be sound with respect
to the semantics of 4.3.

On the other hand, the diagrams of the demonstration sequence do model information ex-
tracted via a reasoning process. And so the demonstration rules of Eu should be sound with
respect to the semantics given in 4.3. There are two kinds of demonstration rules, positional
and quantitative. The former regulate the production of diagrams in the demonstration, while
the latter regulate the production of metric assertions.

The initial input for the positional rules in a derivation is the diagram Σ produced from ∆1

by the construction. In a derivation that models a single diagram proof, all diagrams derived
are sub-diagrams of Σ. The derivation thus depicts the diagrammatic reasoning of the proof as
being conducted in a purely visual manner. One just looks at the concrete diagram modeled by
Σ in drawing a conclusion—nothing more needs to be (physically) produced.

The diagram Σ represents the geometric elements of the derivation’s initial configuration
together with those geometric elements added by the derivation’s construction. The labels of Σ
thus split into two sets: those that appear in the initial diagram ∆1 of the derivation, and those
that are added during the derivation’s construction stage. Call the former set A and the latter
C. If a variable c of C labels an object x of Σ, the positional relationships x depicts in Σ cannot
be directly read off. How x sits within Σ may or may not be satisfied by all configurations
satisfying the conditions fixed by the ∆1i’s. A process of reasoning is required to verify it is in
fact representative. The purpose of the positional rules is to regulate this process of reasoning.

The way Eu derivations regulate this reasoning can be understood in analogy to natural
deduction derivations of formulas of the form 1 and 2 above. At the heart of such a natural
deduction derivation is the derivation of a formula ϕ1(~a)→ ϕ2(~a,~c) where the variables ~a do not
represent a particular set of objects, but the range of tuples whose objects satisfy the conditions
expressed in ϕ1. The variables of A in an Eu demonstration have an analogous role. They do
not represent a particular configuration of geometric objects, but the range of configurations
satisfying the conditions displayed by ∆1.

Extending the analogy, applying an Eu positional rule in the demonstration corresponds to
exploiting in a natural deduction derivation a given sentence of the form

∀~x(ψ1(~x)→ ψ2(~x)) (3)

or
∀~x∃~y(ψ1(~x)→ ψ2(~x, ~y)) (4)

In a natural deduction derivation of ϕ1(~a) → ϕ2(~a,~c), such a sentence can be exploited if a
formula derived from ϕ1(~a) is identical to a formula obtained from ψ1(~x) by a substitution
of variables. If so, one can then derive a new formula obtained from ψ2 by a substitution
of variables. An analogous procedure underlies the application of a positional rule in an Eu
demonstration. The general form of such a rule is

∆1, ...∆n

Γ

The premise diagrams ∆1, ...∆n correspond to ψ1 and the conclusion diagram Γ corresponds
ψ1. The rule can be applied when diagrams derived from ∆1 are semantically equivalent to
the premise diagrams (modulo a substitution of variables). If so, one can derive by the rule a
diagram equivalent to the conclusion diagram (modulo a substitution of variables).

Rule P0 allows any sub-diagram of Σ with labels from A to be taken as representative at
the beginning of the derivation. From this starting point, diagrams with variables in C can be
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derived by the other positional rules. The quantitative rule analogous to P0 is Q1. It allows
the derivation of any metric assertion that is a conjunct of the antecedent metric assertion A1.

Re-labeling in derivations of conditionals. Some proofs of elementary geometry involve
showing that objects produced by different constructions are in fact identical. An example is
the theorem that the angle bisectors of a triangle meet in a point. Showing this amounts to
showing that the intersection point of one pair of bisectors is identical to the intersection point
of a distinct pair of bisectors. So that such proofs can be represented in Eu, the system allows
points and end-arrows in diagrams to be labeled more than once. If a construction produces a
diagram Σ in which the same diagrammatic object is labeled by distinct labels A and B, it is
an open issue whether or not the diagrammatic object represents one or two geometric objects.2

Since the labels in a derivation are those of the initial diagram ∆1 and those introduced
during the construction, this situation can arise in one of two ways. Either A and B are labels
of ∆1, or at least one of them is introduced during the construction. The labels A and B can
only be treated to represent the same object if their distinctness can be shown via P19a or
P19b to lead to a contradiction. This is enforced by the condition on certain positional rules
(i.e. P3, P6, P8, P10, P12 and P13-P18) whereby a point or end-arrow in the conclusion
diagram is required to have a label that has not yet appeared in the derivation.

5.1 Construction rules

Rules C43-C7 refer to the property of being an inner point of a diagram. If diagram ∆ has
dimension n, a point of ∆ is an inner-point if its neither of its x or y coordinates are 1 or n.

The distinctness constraint: the labels required by the addition of new objects with the rules
C3, C5, C6, C7, and C8 are distinct from all other labels in the construction.

C1: Diagram extraction

∆

Γ

where Γ is a sub-diagram of ∆.

C2: Diagram substitution

∆

Γ

where Γ has the same syntactic type as ∆.

C3: Point addition

∆

Γ

where Γ results from adding a point in ∆ or adding another label to a point of ∆.
2This approach to the issue is different from that taken in the thesis, whereby diagrammatic distinctness of

objects with different construction histories is enforced by a condition on construction rule C9. When objects
are allowed to be re-labeled, the condition is no longer necessary.
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C4: Segment addition

∆

Γ

where Γ results from joining points x and y in ∆ into a segment.

C5: Segment extension

∆

Γ

Γ results from extending a segment in ∆ or from adding a label to an end-arrow of ∆ extending
a segment.

C6: Ray extension

∆

Γ

Γ results from extending a ray of ∆ or to adding another label to an end-arrow of ∆ extending
a ray.

C7: Circle construction

∆

Γ

Γ results from constructing a circle from a point and radius of ∆.

C8: Modus ponens

∆1...,∆k Λ11, ...,Λ1k, A1 → Λ21, ...,Λ2j , A2

Γ1...Γj

Λ11, ...,Λ1k, A1 → Λ21, ...,Λ2k, A2 has been proven to hold, ∆i is semantically equivalent to
Λ1i (1 ≤ i ≤ k), Γi is semantically equivalent to Λ2i (1 ≤ i ≤ j), and the combination of
∆1, ...∆k is a sub-diagram of the combination of Γ1, ...,Γj .

C9: Diagram combination

∆1 ∆2

Γ

where ∆T1 and ∆T2 are sub-types of ΓT , and every label of Γ is in the union of the labels of ∆1

and ∆2.
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5.2 Positional rules

5.2.1 Modifications with respect to Intuition Formalized

The formulation of the rule P0 below differs from the corresponding rule in the thesis in two
respects. First, in the thesis Eu conditionals only have one antecedent diagram3, so there is no
reference to a collection of antecedent diagrams. Second, the rule was only implicit. In the list
of the positional rules in the thesis, there is no P0 rule explicitly given.

The other changes are to individual rules, made to correct errors and remove infelicities. One
rule from the thesis—P7—has been eliminated; hence the gap between rules P6 and P8 below.
The point of P7 was to license the inference that if the endpoints of a segment lie on a given
side of a line, the entire segment lies in the given side. This inference can be derived with P6
and P19a. P7 is thus in a sense dispensable.

One thing that cannot be rectified by modifying the positional rules individually is the
haphazard quality of the list in the thesis as a whole. A cleaner, more principled list to supplant
the one below is a goal of future work.

5.2.2 The rules

The compatibility constraint: all derived diagrams aside from those derived from P12 and
P19 must be syntactically equivalent to a sub-diagram of the diagram Σ produced by the
construction.

Inconsistent cases: an inconsistency has been derived in a case emerging from rules P19a,
P19b and P20 if and only if: ⊥ has been derived, or a diagram that is inconsistent with an
already derived diagram has been derived.

P0: Assumed positional relations

Γ

where Γ is a sub-diagram of an antecedent diagram ∆1k of the conditional being derived.

P1: Diagram extraction

∆

Γ

where Γ is a sub-diagram of ∆.

P2: Diagram substitution

∆

Γ

where Γ is equivalent to ∆.
3But see p. 114-116 of the thesis. There the approach of having multiple diagrams in the antecedent is

sketched.
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P3: Point introduction

∆

Γ

where Γ is the result of adding a point to an explicit region of ∆, and the label for the point has
not yet appeared in the demonstration.

P4: Segment introduction

A B

A B

P5: Segment introduction relative to lines and rays

∆

Γ

where ∆ contains a sub-diagram equivalent to
A B

, all other elements of ∆ are linear
elements that pass through the point labeled by A but not the point labeled by B, and Γ is the
result of joining the points labeled by A and B in a segment.
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P6: Segment intersection with line

A B

C

D

A B

C

D

E

where E has not yet appeared in the demonstration.

P8: Segment intersection with rays

H1 H2
A C

D

E

H1 H2
A C

D

E

F

where H1 and H2 are endpoints or end-arrows, possibly identical to A and C, and F has not
yet appeared in the demonstration.
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P9: Segment introduction with a circle

∆

Γ

where ∆ contains a sub-diagram equivalent to

A B

C

all other elements of ∆ are linear elements that pass through the point labeled by A but not the
point labeled by B, and Γ is the result of joining the points labeled by A and B in a segment.

P10: Segment intersection with a circle

A B

C

A B

DC

where D has not yet appeared in the demonstration.
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P11: Segment introduction in convex broken line

∆

Γ

where ∆ contains no rays, all its linear elements form a single convex broken line, all its points
lie on this convex broken line, and Γ is the result of joining two points of ∆ in a segment.

P12: Parallel postulate

B

A

E

C

B

A

E

D

DBE <angle CAE

B

A

E

D

C

F

where F has not yet appeared in the demonstration.

P13: Extensions of rays or segments

∆

Γ

where ∆ is without circles, contains a segment or ray L such that all other linear elements of ∆
either intersect or are contained by L, and Γ is the result of extending L in ∆ to a segment, ray,
or line in a given direction to an end-object whose label has not yet appeared in the derivation.
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P14: Circle introduction

A B

A B

C

CentAC

where C has not yet appeared in the demonstration.

P15: Circle and ray intersection

A

C

A

D

A

C

D

E

where E has not yet appeared in the demonstration.
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P16: Circle intersection

A

G
B

C

A

G

B

D

A B

C

E1

E2

A
BD

D

E1

E2

where G is possibly equal to A, and both E1 and E2 have not yet appeared in the demonstration.

P17: circle intersection

A

G
B

C

A

G

B

D

A B

C

E1

E2

A
B

D

E1

E2

where G is possibly equal to A, and both E1 and E2 have not yet appeared in the demonstration.
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P18: Modus ponens

∆1, ...,∆k, A→ Γ1, ...,Γm, B ∆1, ...,∆k, A

Γ1, ...,Γm, B

where ∆1, ...,∆kA → Γ1, ...,Γm, B has been proven to hold, and all the labels of the Γi’s that
are not labels of a ∆i have not yet appeared in the demonstration.

P19a: Diagram combination
Suppose Φ and ∆ are diagrams which have been derived such that there is a sub-diagram Φ′ of
both and

1. Φ contains only one object not in ∆ (and hence not in Φ′), and it is a point in region R
of Φ.

2. Φ′ contains at least one linear element.

3. All component sub-regions R1, ...Rn of R in ∆ are explicit.

Then the derivation can be split into cases Γ1, ...Γn, where each Γi is ∆ with the point x added
to the ith component sub-region Ri.

If Ω, C can be derived from one case, and from all other cases one can derive either Ω, C or
an inconsistency, then Ω, C can be introduced into the derivation.

P19b: Diagram combination
Suppose Φ and ∆ are diagrams which have been derived such that there is a sub-diagram Φ′ of
both and

1. Φ contains only one object not in ∆(and hence not in Φ′), and it is a ray or line l passing
through a point x in Φ.

2. Φ′ contains at least one linear element.

3. ∆ contains no circles, and all of its linear elements either pass through x or form part of
a convex broken line passing through x

Then the derivation can be split into cases Γ1, ...Γn, where each Γi records a possible position
of l within ∆ given its position to the configuration of Φ′.4

If Ω, C can be derived from one case, and from all other cases one can derive either Ω, C or
an inconsistency, then Ω, C can be introduced into the derivation.

4The cases are individuated by three possible factors: the position of l to the linear elements through x; the
position of the vertices of the convex-broken line through x to l; the position of the end-arrow(s) of l to each
component of the convex-broken line. The first two factors determine a range of positions for l to rotate through.
And with each of these positions there is a determinate range of possibilities with respect to the third factor,
identifiable by the components of the convex broken line which do not intersect l when extended.
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P20: Angle trichotomy

Suppose ∆ and ∆′ are, respectively, diagrams

A

B

C

D

E

F

and have been derived. Then the derivation can split into three cases:

Case 1

A

B

C

E′

EDF =angle E
′AC

Case 2

EDF =angle BAC

Case 3

A

B

C

E′

EDF =angle E
′AC

If an inconsistency has been derived from cases 2 and 3, EDF <angle BAC can be derived. If
an inconsistency has been derived from cases 1 and 3, EDF = BAC can be derived. And if an
inconsistency has been derived from cases 2 and 3, EDF >angle BAC can be derived.

5.3 Quantitative rules

The rule Q18 did not appear in the thesis. It has been added to ensure that the equality of
right angles can be derived in Eu.

Q1: Assumed metric assertions

B

where B is a conjunct of the antecedent metric assertion A of the conditional being derived.

Q2: Conjunction introduction

A A′

A & A
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Q3: Metric assertion extraction

A′

A

where A is a conjunct of A′.

Q4: Reflexivity of =

A B

AB =seg AB

A

B

C

BAC =angle BAC

∆

B1....Bk =area B1...Bk

where ∆ contains a polygon labeled by B1...Bk and nothing else.

Q5: Symmetry of =

s = t

t = s

where = is either =seg,=angle or =area.

Q6: Substitution

s = t A

A[s/t]

where = is either =seg,=angle or =area.

Q7: Orientation independence of magnitude

AB =seg CD

BA =seg CD

ABC =angle DEF

CBA =angle DEF

B1...Bk =area C1...Cn

BkB1...Bk−1 =area C1...Cn

B1...Bk =area C1...Cn

BkBk−1...B1 =area C1...Cn
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Q8: < introduction

A B
C

AC <seg AB

A

D

C

B

DAC <angle BAC

∆

B1....Bk <area C1...Cn

where polygon C1...Cn contains polygon B1...Bk in ∆ and ∆ contains nothing other than the
polygons C1...Cn and B1...Bk.

Q9: Transitivity of <

s < t t < r

s < r

where < is either <seg, <angle or <area.

Q10: Strictness of <

s < s

⊥

where < is either <seg, <angle or <area.

Q11: Summation of magnitudes

A B
C

AC +seg CB =seg AB

A

D

C

B

BAD +angle DAC =angle BAC

∆

B1....Bk +area D1...Dm =area C1...Cn

where: ray AB is possibly collinear with ray AC; polygons B1...Bk and D1...Dm partition
diagram C1...Cn in ∆; and ∆ contains nothing other than the polygons B1...Bk, D1...Dm and
C1...Cn.

Q12: Commutativity of addition

s+ t = r

t+ s = r

where = is either =seg,=angle or =area and + is either +seg,+angle or +area.
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Q13: Equals subtracted from equals are equal

s+ r = t+ r

s = t

where = is either =seg,=angle or =area and + is either +seg,+angle or +area.

Q14: Halves of equals are equal

s+ s = t+ t

s = t

where = is either =seg,=angle or =area and + is either +seg,+angle or +area.

Q15: Equidistance of points on a circle from its center

A B

C

A D

C

CentAC
AB =seg AD

Q16: Side angle side congruence

A B

C

D E

F

AB =seg DE AC =seg DF BAC =angle EDF

BC =seg EF & ABC =angle DEF & ACB =angle DFE & ABC =area DEF

Q17: Empty metric assertion introduction

Θ

where Θ is the empty metric assertion.
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Q18: Pairs of opposite and collinear rays form equal angles

A BC D EF

ACB =angle DFE

6 Eu derivations

Eu derivations representing propositions 1, 2, 3, 5 and 6 of book I of the Elements are presented
in the thesis. (Proposition 4 is Euclid’s superposition proof of SAS congruence, which is simply
stipulated as a rule in Eu.) Propositions 2 and 3 are combined into one derivation, so there
are four derivations in total. Corrected versions of the derivations are given below. Most of the
changes remove typos. (There are many in the derivations of the thesis.) Only a few changes
had to be made because of the changes to that have been made to the rules. In the derivation
for proposition 6, a ray is removed from two diagrams to which P11 was applied. Also, the
change to the Q1 rule requires that some metric assertions be derived via P18 rather than Q1.
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Proposition 1, Book 1

The Given:
yx

Θ

Construction Stage

y

c

cx

by C7.

y

c

d

xc d

by C7.

1z

dcx

d

c

y

by C3

cx d

d

c

2

1z

z

y

by C3
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dcx

d

c
2

1z

z

y

by C4

dcx

d

c
2

1z

z

y

by C4

Context

Σ :

dcx

d

c
2

1z

z

y

M : Θ

.
{x, y} . 〈x, c〉 . z2 . {z2, x}
{x, y} . 〈y, d〉 . z2 . {z2, y}
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Demonstration stage

y

c

cx

by P0 and P14. Thus 〈x, c〉 exists.

yx

d

d

by P0 and P14. Thus 〈y, d〉 exists.

cx

c

2

1z

z

y y

z

z 1

2

d

d
x

by P16. Thus z2 exists.

cx

c
2
z

y
dcx

d

2
z

y

by P9. Thus {x, z2} and {y, z2} exist.

y

z
2

x

by P1 and P11.
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xy =seg xz2 by Q15.

yx =seg yz2 by Q15.

xy =seg yx by Q7.

xz2 =seg yz2 by Q6.

xy =seg xz2 & xz2 =seg yz2 by Q2.

Therefore

yx
Θ −→

y

z
2

x

xy =seg xz2 & xz2 =seg yz2
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Proposition 3.1, Book I

The Given: y z

x

x’

Θ

Construction Stage

zy

x

x’

by C4.

y

x

by C2.

y

w x

yx =seg yw & yw =seg xw by C8 and Proposition 1
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y z

xw

x’

by C9

w

y z

x

x’

v

u by C5 (applied twice)

x’

x

z

u

vw

t
yt

by C7

x’

x

z

u

vw

t
yt

s

by C3
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x’

x

z

u

vw

t
yt

s

r

r

by C7

x’

x

z

u

vw

t
yt

s

r

r q

by C3

x’

x

z

u

vw

t
yt

s

r

r q

p

p

by C7
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x’

x

z

u

vw

t
yt

s

r

r q

p

p

z’

by C3

Context

Σ :

x’

x

z

u

vw

t
yt

s

r

r q

p

p

z’

yx =seg yw & yw =seg xw

.
x . {x, y}
y . {x, y}
{x, y} . w
{x, y} . {w, x}
{x, y} . {w, y}
{w, y} . 〈y, u〉
〈w, u〉 . s
{y, z} . 〈y, t〉
〈y, t〉 . s
s . {w, s}
w . {w, s}
{w, s} . 〈w, r〉
〈w, r〉 . q
{w, x} . 〈x, v〉
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〈w, v〉 . q
q . {x, q}
x . {x, q}
{x, q} . 〈x, p〉
〈x, p〉 . z′
{x, x′} . z′

Demonstration stage

y

x

by P0 and P1.

y

x

by P4.

y

w x

yx =seg yw & yw =seg xw by proposition 1 and P18.

wx =seg wy by Q3, Q5, Q7 and Q6

w

y

u by P1 and P13
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y

u by P1

z
t

yt

by P0 and P14

t
yt

by P1

z

u

yt
s

by P15
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yt
s

t

by P1

yz =seg ys by Q15

u

w

y

s

by P19a

w

y

s by P1

wy + ys =seg wq by Q11

w

s by P1
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w

s

r

r

by P14

w

r

r

by P1

w x by P1

w vx by P13

w v by P1

vw

r

r q

by P15
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w

s

r

r
q

by P1

wq =seg ws by Q15

vw q by P1

Case Analysis:
Case 1

w x vq

wq <seg wx by Q8

wy <seg ws by Q8

wx <seg ws by Q6

wx <seg wq by Q6

wx <seg wx by Q9

⊥ by Q10

Case 2
w vx=q

wq = wx

wy <seg ws by Q8

wx <seg ws by Q6

wx <seg wq by Q6

wx <seg wx by Q6

⊥ by Q10

Case 3

w vx q

w vx q by P19a
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w x q by P1

wx+ xq =seg wq by Q11

x q by P1

x q

p

p

by P14

x

p

p

by P1

x

x’

by P1
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x

p

p

z’

x’

by P15

x

p

p

z’

by P1

xq = xz′ by Q15

x

z’

x’

by P1

y z

x

x’

z’

by P19a

wx+ xq =seg wy + ys by Q6
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wx+ xq =seg wx+ ys by Q6

xq =seg ys by Q13

xz′ =seg ys by Q6

xz′ =seg yz by Q6

Therefore

y z

x

x’

Θ −→ y z

x

x’

z’

xz′ =seg yz
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Proposition 5, Book 1

The Given:

x

x

1

x2 3 x1x2 =seg x1x3

Construction Stage
Extend segment x1x2 with y1.
Extend segment x1x2 to ray x1x4.
Extract the segment x2y1 and ray x3x4, and apply proposition 3 to obtain a segment x3y2 on
x3x4 equal to x2y1.
Combine the result so all elements are in single diagram.
Join x2 and y2.
Join x3 and y1.

Context

Σ : x

x

1

x2 3

y y21

x4

M : x1x2 =seg x1x3 & x2y1 = segx3y2

.
{x1, x2} . {x2, y1}
{x1, x3} . 〈x1, x4〉
{x1, x3} . 〈x3, x4〉
{x2, y2} . y2
〈x3, x4〉 . y2
y2 . {y2, x2}
x2 . {y2, x2}
y1 . {y1, x3}
x3 . {y1, x3}

Demonstration stage
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x

x

1

x2 3

y1 by P0 and P13

x

x

1

x2 3

y1

x4 by P13

xx2 3

y1

x4 by P1.

xx2 3

y1

x4

y2

x2y1 =seg x3y2 by proposition 3 and P18.

x

x

1

x2 3

y1 by P1
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x

x

1

x2 3

y1 by P11

x

x

1

x2 3

y y21

x4 by P19a

x

x

1

x2 3

y2 by P1

x

x

1

x2 3

y2 by P11

x1x2 + x2y1 =seg x1y1 by Q11.

x1x3 + x3y2 =seg x1y2 by Q11.
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x1x2 + x2y1 =seg x1y2 by Q6.

x1y1 =seg x1y2 by Q6.

x2y2 =seg y1y3 by P1 and Q16.

x1x2y2 =angle x1y2x2 by P1 and Q16.

x1y1x3 =angle x1y2x2 by P1 and Q16.

xx2 3

y1 by P1

xx2 3

y1 by P11

47



xx2 3

y2 by P1

xx2 3

y2 by P11

x3x2y2 =angle x2x3y1 Q16.

x

x

1

x2 3

y1 by P11

x2x3y1 + x2x3x1 =angle y1x3x1 by P1 and Q11.

x

x

1

x2 3

y2 by P11
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x3x2y2 + x3x2x1 =angle y2x2x1 by P1 and Q11

x3x2y2 + x3x2x1 =angle x2x3y1 + x2x3x1 by Q6 and Q16.

x3x2y2 + x3x2x1 =angle x2x3y1 + x2x3x1 by Q6.

x3x2x1 =angle x2x3x1 by Q13.

x3x2x1 =angle x2x3x1 & x3x2y2 =angle x2x3y1 by Q2.

Therefore

x

x

1

x2 3 x1x2 =seg x1x3

−→

x

x

1

x2 3

y y21

x4 x3x2x1 =angle x2x3x1 & x3x2y2 =angle x2x3y1
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Proposition 6, Book 1

The Given:

x

x

1

x2 3 x1x2x3 =angle x1x3x2

Construction Stage
Extend segment x2x21 to ray x2x4.
Extract the segment x3x1 and ray x2x4, and apply proposition 3 to obtain a segment x2y on
x2x4 equal to x3x1.
Combine the result so all elements are in single diagram.
Join x3 and y.

Context

Σ :

xx2 3

x1

x4

y

M : x1x2x3 =angle x1x3x2 & x3x1 =seg x2y

.
{x1, x2} . 〈x2x4〉
〈x2, x4〉 . y
{x1, x2} . y
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Demonstration stage

xx2 3

x1

x4

by P0 and P13

xx2 3

x1

x4

by P1

x2

x4

y

x2y =seg x3x1 by proposition 3, P18 and P1.

x2y =seg x3x1 by Q3
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Case Analysis:

Case 1

x4

x1

2
x

y

xx2 3

1

x4

x

y

by P19a

xx2 3

1x

y

by P1

xx2 3

1x

y

by P11
x2x3y =angle x3x2x1 by Q16

x2x3y =angle x2x3x1 by Q6

x2x3y <angle x2x3x1 by Q8

x2x3y <angle x2x3y by Q6

⊥
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Case 2

x4

x1

x2

y

xx2 3

1

x4

x
y

by P19a

xx
2 3

1

x
4

x

y

by P1

xx
2 3

1

x
4

x

y

by P11

xx2 3

1x
y

by P11
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x2x3y =angle x3x2x1 by Q16

x2x3y =angle x2x3x1 by Q6

x2x3x1 <angle x2x3y by Q8

x2x3y <angle x2x3y by Q6

⊥

Case 3

xx2 3

1x   = y

xx2 3

1x   = y

by P19a

x2x1 =seg x2y by Q6

x2x1 =seg x3x1 by Q6

Therefore

x

x

1

x2 3 x1x2x3 =angle x1x3x2 −→

x

x

1

x2 3 x2x1 =seg x3x1
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